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The radiative see-saw mechanism of Witten generates the right-handed neutrino masses in SO(10)
with the spinorial 16H Higgs field. We study here analytically the 2
nd and 3rd generations for the
minimal Yukawa structure containing 10H and 120H Higgs representations. In the approximation
of small 2nd generation masses and gauge loop domination we find the following results : (1) b− τ
unification, (2) natural coexistence between large θl and small θq, (3) degenerate neutrinos.
PACS: 12.10-g, 12.15.Ff, 14.60.Pq
A. Introduction. SO(10) grandunified theory of-
fers a natural and simple arena for the study of fermionic
masses and mixings since it relates quark and lepton
properties. Through the see-saw mechanism [1] and the
resulting large mass for the right-handed neutrinos it ex-
plains the smallness of neutrino masses and offers a nat-
ural setting for leptogenesis [2]. It is tempting thus to
construct the minimal realizations of the theory and see
whether or not they can be realistic and predictive. The
crucial point here is the minimal Yukawa structure espe-
cially if we stick to the renormalizable theory. We know
that the minimal Higgs 10H does not suffice since the SM
doublets in 10H are SU(4)C singlets and thus would give
the same quark and lepton structure; furthermore, with
one Yukawa matrix no mixings are allowed.
Two simple extensions are possible: (i) 10H + 126H ;
(ii) 10H + 120H.
(i) The first case is appealing since it simultaneously
corrects bad mass relations mq = ml through a Pati-
Salam (2,2,15) field in 126H and provides a large mass
for right-handed neutrinos through (1,3,10) in 126H [3,4].
It has only 3 + 12 = 15 real Yukawa couplings and can
be considered the minimal supersymmetric GUT [5]. It
was studied at length in the recent few years in the su-
persymmetric version [6], [7], where it appears to be re-
alistic [8]. It gives θ13 ∼> 0.1 and in the context of type
II see-saw, large θatm is intimately related to the b − τ
unification [9]. Furthermore, in SO(10), as in any theory
with gauged B − L, R-parity is a gauge symmetry [10]
and it can be shown in this case to be an exact symmetry
at low energies [11], leading to the stable LSP, a natural
candidate for the dark matter.
(ii) This version has only 9 real Yukawa couplings (see
below). The charged fermions were studied in [12], but
the crucial point is the connection between neutrino and
charged fermion masses that we address here. The seesaw
mechanism takes the radiative form [13]: right-handed
neutrino masses are generated at the two loop level uti-
lizing a 16H Higgs with 〈16H〉 ≈ MGUT ≈ 10
16 GeV.
This proposal fell from grace due to the advent of low-
energy SUSY, which inhibits radiative corrections to the
superpotential. It can of course be implemented in ordi-
nary SO(10), but there typically MνR ends up being too
small. Schematically,
MνR ≈
(α
pi
)2
Y10
M2Rm˜
M2GUT
, (1)
where MR is the scale of the breaking of SU(2)R symme-
try and m˜ the effective susy breaking scale in the visible
sector (in ordinary, nonsupersymmetric theories, the for-
mula works with m˜ = MGUT ). With low-energy super-
symmetry, m˜ ≈ 1 TeV, this obviously fails, while without
supersymmetry gauge coupling unification forces MR to
lie much below MGUT , which again fails unless some ex-
tra fine-tuning is done. On the other hand, as we argued
in [14], this works nicely in split susy [15].
This is the scenario we follow here. We focus on the
minimal Yukawa structure
WY = 16
T
F (Y1010H + Y120120H) 16F (2)
with Y10 = Y
T
10 and Y120 = −Y
T
120. We can diagonalize
Y10, thus we have 3 real parameters, which together with
the 3 complex parameters of Y120 add to 9 in total. Still,
the full 3 generation case is rather involved and messy,
needing numerical studies. In order to get some physical
insight and simple analytical results, we focus here on the
heaviest two generations. In the limit of small ms/mb,
mµ/mτ and mc/mt we find
(a) b− τ unification of 10H remains valid;
(b) naturally small quark mixing angle θbc;
(c) large θatm implies degenerate neutrinos.
In other words, up to correctionsm2/m3, b−τ unifica-
tion is still a prediction of the theory, in spite of the fact
that the 120H adds a (2,2,15) field. The prediction of
degenerate neutrinos is remarkable, since this theory has
only a canonical, type I, see-saw and it is often argued
that degenerate neutrinos are in contradiction with type
I see-saw.
In arriving at the above results two assumptions were
made: 1) the renormalizable interactions provide the
complete picture, which amounts to neglecting all pos-
sible higher-dimensional operators (for an approach with
higher dimensional operators see e.g. [16] and references
therein); 2) as in the original work of Witten, the ra-
diative seesaw is dominated by the gauge loop effects.
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Furthermore, we allow for no singlets or textures (for an
opposite approach see e.g. [17] and references therein).
B. Charged fermions and Dirac neutrinos. With
this strategy we can write for the fermionic mass matrices
MD =M0 +M2 , MU = c0M0 + c2M2 ,
ME =M0 + c3M2 , MνD = c0M0 + c4M2 , (3)
where
M0 = Y10〈(2, 2, 1)
d
10〉 , (4)
M2 = Y120
(
〈(2, 2, 1)d120〉+ 〈(2, 2, 15)
d
120〉
)
, (5)
c0M0 = Y10〈(2, 2, 1)
u
10〉 , (6)
c2M2 = Y120 (〈(2, 2, 1)
u
120〉+ 〈(2, 2, 15)
u
120〉) , (7)
and
c3 =
〈(2, 2, 1)d120〉 − 3〈(2, 2, 15)
d
120〉
〈(2, 2, 1)d120〉+ 〈(2, 2, 15)
d
120〉
, (8)
c4 =
〈(2, 2, 1)u120〉 − 3〈(2, 2, 15)
u
120〉
〈(2, 2, 1)d120〉+ 〈(2, 2, 15)
d
120〉
. (9)
We diagonalizeM0 (Y10), which preserves the antisym-
metry of M2, and thus
M0 =
(
a 0
0 b
)
, M2 =
(
0 iα
−iα 0
)
. (10)
Notice that a, b can be chosen to be positive real num-
bers. Similarly, c0 can be taken real, whereas the other
parameters, c2,3,4 and α are in general complex numbers.
In the limit ms = 0 one gets
ab = α2 , (11)
which shows that α must be real in this approximation.
Similarly, mµ = 0 (mc = 0) implies c3 = ±1 (c
2
2 = c
2
0).
In other words,
MD =
(
a iα
−iα b
)
, MU = c0
(
a ±iα
∓iα b
)
. (12)
Obviously θU = ±θD, while from
ME =
(
a ±iα
∓iα b
)
, MνD =
(
c0a ic4α
−ic4α c0b
)
. (13)
one has θE = ±θD, whereas θνD is at this point undeter-
mined.
The quark mixing angle θq = θU − θD can thus take
the following values: θq = 0 or± 2θE .
The situation in the leptonic sector is of course more
complex, especially since we utilize the radiative seesaw
mechanism.
In the approximation of vanishing second generation
masses the matrices MD and ME in (12) and (13) are
Hermitian, and thus our first important prediction fol-
lows:
mb = mτ = a+ b . (14)
The b − τ unification associate with 10H Higgs field
continues to be valid. For c3 = 1 this is expected, since
〈(2, 2, 15)d120〉 ≈ 0, so that the SU(4) colour Pati-Salam
(quark-lepton) symmetry would not be broken in the
down quark and charged lepton sector. Surprisingly c3 =
−1 also works, in spite of 〈(2, 2, 15)d120〉 ≈ 〈(2, 2, 1)
d
120〉.
Before we proceed to discuss this at length, an im-
portant question can be posed: do we really need the
seesaw mechanism? Could neutrinos be Dirac particles?
It is often imagined that in this case the leptonic mixing
angles could not be so different from the quark ones. No-
tice that here this would not be true. First of all, since
ν2 and ν3 are not very hierarchical, c4/c2 is not fixed
and θνD is arbitrary. If they were very hierarchical, then
clearly θνD = ±θE as in the quark case. Still there is a
completely consistent solution θl = 2θE , which could ob-
viously be any number and even very large. After all, θE
between 20 and 25 degrees is definitely a natural value,
or at least as natural as any other.
What goes wrong of course are the values of neutrino
masses; they are of the same order of magnitude of the
charged fermions. This is why the seesaw mechanism is a
must in a well defined, predictive, SO(10) theory. On the
other hand the seesaw mechanism without grandunifica-
tion to set the scale of the righthanded neutrino masses
is of little use in the quantitative determination of light
neutrino masses.
C. Not to forget the seesaw. Witten’s two loop
diagram [13] is proportional to the Yukawa Y10, i.e.
MνR ∝M0 . (15)
In turn, the light neutrino mass matrix MN takes the
form
MN =M
T
νD
M−1νR MνD ∝ c
2
0M0 − c
2
4M2M
−1
0 M2 . (16)
After some elementary algebra
MN ∝
(
c20 − c
2
4
)
M0 . (17)
Since we are working in the basis ofM0 being diagonal,
the first immediate consequence is that θN = 0, and thus
the weak current leptonic mixing angle θl = θatm = θE .
From θatm ≈ pi/4, only the solution θbc = θq = 0 found
before is the physical one (the other one θbc ≈ pi/2 does
not work). This cancellation between θU and θD is simi-
lar in spirit to [18]. In other words, the small quark and
the large leptonic mixing angle can coexist naturally as
the result of the spontaneous symmetry breaking of the
quark-lepton symmetry valid at MGUT .
Even more interesting is the fact that eq. (17) gives
degenerate neutrinos. Namely, θE ≈ pi/4 implies neces-
sarily a ≈ b in view of (11), or in other words, M0 ∝ I.
One can ask the question as why we chose the type I
see-saw as the only source of neutrino masses. As is well
known, in SO(10) one generically obtains also a type II
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see-saw generated through the vacuum expectation value
of the SU(2)L triplet [19,3,20]. In this case the triplet is
the effective operator made of the product of two dou-
blets in 16H . However it will be suppressed by the same
two loop effect that enhances the type I through the sup-
pression of the right-handed neutrino masses. In short,
the ratio of type II over type I contributions is suppressed
by (α/pi)4, which implies that type II can be safely ne-
glected.
D. Discussion and outlook. There are a number of
important issues that ought to be addressed in order to
have a full realistic theory of three generations, analogous
to what has been achieved in the 10 + 126 Yukawa case.
We go through some central ones.
(i) What about a radiative νR mass in the presence of
a 120H field? It can affect the simple, predictive
result of Witten only if 120H mixes through a 45H ,
which happens through a superpotential coupling
λ10H45H120H .
If λ ∼ g, the gauge coupling, there will be new dia-
grams exchanging both 10H and 120H which would
spoil the prediction θN ∼ 0. Of course, a large θatm
solution remains possible; if anything, there would
be more freedom and more chance that the full 3
generation case works out.
A small λ is rather appealing and can be made
natural by emposing a discrete symmetry
(16, 16)→ i(16, 16) , (10, 120, 45)→ −(10, 120, 45)
outside of SO(10). This would ensure the stability
of small λ even in a strongly broken (split) super-
symmetry or in a non-susy theory.
Furthermore, small λ leads to the formation of do-
main walls generated by a nonvanishing 〈45H〉 ≃
MGUT . The subsequent evolution (disappearance)
of these unstable domain walls has a remark-
able consequence: they sweep away the magnetic
monopoles [21]. This provides the simplest and
most elegant field theoretic explanation of the small
monopole density of the universe (for a cosmologi-
cal explanation see e.g. [22]), a solution which needs
no new fields or interactions and works indepen-
dently of when inflation took place or how big the
reheating temperature was. It is especialy appeal-
ing in view of the fact that the other simple so-
lution [23], based on the non-restoration of sym-
metries [24] or the U(1)em breaking [25] at high T
faces trouble in gauge theories [26], especially the
supersymmetric ones [27].
(ii) Which theory can give gauge coupling and b−τ unifi-
cation consistent with symmetry breaking and phe-
nomenology? The simplest solution, split super-
symmetry with superheavy sfermions, works nicely
for neutrino masses and gauge coupling unifica-
tion, and b− τ unification favours small tanβ [28].
In strongly split supersymmetry there is an is-
sue of stable gluinos though [29]. Notice however
that for c20 ≃ c
2
4 neutrino masses get further sup-
pressed, beyond the generic see-saw. This means
that sfermions may lie below the unification scale,
i.e. m˜ ≪ MGUT , which somewhat alleviates the
above problem.
Another possibility is ordinary nonsupersymmetric
SO(10), but again some extra fine-tuning would be
mandatory. It has to be noticed however, that in
order to continue having only two Yukawa matrices,
a Peccei-Quinn-type symmetry must be imposed in
this case.
(iii) What about the impact of running from MGUT
down to MZ? In this analytic approach we only
wanted to get a qualitative insight into the pattern
of neutrino masses and mixings. One should defi-
nitely run, though, when a 3 generation numerical
study is built up around our solution.
A serious challenge appears to be the prediction
of all three neutrinos being degenerate. The full
three generations numerical study can invalidate
this, since eq. (15) does not follow automatically
even with the assumption of gauge loop domina-
tion. A way out in such a case could be allowing
for larger λ.
(iv) Is it really necessary to neglect the higher dimen-
sional operators? After all, the second generation
masses remain small, compatible with zero, even in
this case. The only problem is represented by a pos-
sible direct contribution to the right-handed neu-
trino mass squared of the order M2GUT /MPlanck.
This is of the same order of magnitude as the ra-
diatively generated term. However, there is no need
for it to be proportional to Y10. It is for this reason
that we need to assume that at least this operator
is suppressed.
In summary, a radiative see-saw mechanism offers an
alternative simple SO(10) theory if one sticks to the min-
imal Yukawa structure with 10H and 120H .
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